Abstract. In this paper, we present conditions which are equivalent to the Darboux property for non-constant polynomials in Golomb's and Kirch's topologies on the set of positive integers.
Preliminaries
The letters Z, N and N 0 denote the sets of integers, positive integers, and non-negative integers, respectively. The symbol Θ(a) denotes the set of all prime divisors of a ∈ N. For all a, b ∈ N, we use the symbol (a, b) to denote the greatest common divisor of a and b. Moreover, for all a, b ∈ N, the symbols {an + b} and {an} stand for the infinite arithmetic progressions:
{an + b} := a · N 0 + b and {an} := a · N.
Let X and Y be the topological spaces. We say that a function f : X → Y has the Darboux property, if the set f (E) is connected in Y for every connected set E ⊂ X.
Assume that k ∈ N. In this paper, we will examine polynomials f : N → N of the form (1) f (x) = k i=0 a i x i , where a k−1 , . . . , a 0 ∈ N 0 , and a k ∈ N.
We use standard notation. For the basic results and notions concerning topology and number theory we refer the reader to the monographs of R. Engelking [3] and W. J. LeVeque [7] , respectively.
Introduction
In 1955, H. Furstenberg [4] defined the base of a topology T F on Z by means of all arithmetic progressions and gave an elegant topological proof of the infinitude of primes. Moreover, Furstenberg remarked that the topology T F is normal, and hence metrizable. Furstenberg's topology was examined by K. Broughan [1] . In 2003, he defined a metric d generating T F and proved that all polynomials f :
In 1959, S. Golomb [5] presented a similar proof of the infinitude of primes using a topology D on N with the base
defined in 1953 by M. Brown [2] . The topology D is often referred to as Golomb's topology. Ten years later, A. M. Kirch [6] defined, weaker than Golomb's topology, a topology D on N with the base
Both topologies D and D are Hausdorff, the set N is connected in these topologies and locally connected in the topology D , but it is not locally connected in the topology D (see [5] and [6] In this paper, we present conditions which are equivalent to the Darboux property for non-constant polynomials in Golomb's and Kirch's topologies on the set of positive integers (Theorems 4.2 and 4.3 summarize the main results).
Auxiliary lemmas
Lemma 3.1. Let f be a polynomial of the form (1). For all a ∈ N \ {1} and b ∈ {1, 2, . . . , a} the following equation holds:
Proof. Assume that a ∈ N \ {1} and fix b ∈ {1, 2, . . . , a}. If
, whence x ∈ f −1 {an + b} . We thus showed that
Now we will prove the opposite inclusion. Let
. . , a}, and f is a polynomial, we also have
, and we clearly obtain
which, along with (2), completes the proof. 
We consider two cases.
nonempty D-open set (recall that the arithmetic progression {pn + 1} ∈ B). Define
Observe that for all m ∈ {2, . . . , p − 1} the progressions {pn + m} ∈ B, whence W is D-open. Moreover, the set W is nonempty, W ∩ O 2 = ∅ and W ∪ O 2 = N, which contradicts the D-connectedness of N.
the sets U 1 and U 2 are D-open, and since O 1 ∩O 2 = ∅, the sets {pn}∩U 1 and {pn} ∩ U 2 are disjoint. But, by [8, Theorem 3.3] , the arithmetic progression {pn} is D-connected, a contradiction. Consequently, the set C = {pn} ∪ {pn + 1} is connected in the topological space (N, D).
Main results
Theorem 4.1. Let f be a polynomial of the form (1) .
Proof. Assume that the constant term a 0 of the polynomial f of the form (1) is different from 0. There is a prime number p such that
Obviously p > 2 and f (1) = a 0 . Let E = {pn} ∪ {pn + 1}. By Lemma 3.2, the set E is D-connected. We will show that f (E) is D -disconnected. We claim that
Indeed, by Lemma 3.1
Note that, if we would have d = 1 then f (1) ≡ p (mod p), which contradicts (3). And if we would have d = p then f (p) ≡ p (mod p), which contradicts a 0 = 0. So, f −1 {pn} ∩ E = ∅, whence the condition (4) holds.
Moreover from (4), we obtain 
and
whence both the sets, X ∩ f (E) and Y ∩ f (E), are nonempty. Consequently, the set f (E) is D -disconnected. Now we will prove two main theorems. It turns out that in both topologies D and D we obtain the same equivalent conditions for a polynomial f to have the Darboux property. 
with E(a, b) = ∅. We will prove that every element d of E(a, b) is co-prime with a. (i) the polynomial f is continuous, (ii) the polynomial f has the Darboux property, (iii) the constant term a 0 = 0.
Proof. The implication (i)⇒(ii) is evident.
(ii)⇒(iii). Assume that the constant term a 0 of the polynomial f of the form (1) Remark 4.4. It is quite evident that if the polynomial f is constant, then f is continuous and it has the Darboux property.
